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Astronomical observations have shown that we live in a spatially very flat Universe. However
it is interesting to note that the global geometry of space still remains to be an unanswered
query. We study models of spatially spherical and flat Universes, that tunnel from a state of
no classical spacetime into an asymptotically deSitter spacetime. Motivated by the Horizon
Problem - a cosmological question which reflects the origin of the uniformity of cosmic
background radiation through space, we propose that our Universe should be created with
an initial length scale of around 100Lp and that a pre-inflationary era is required to ensure
the space to be sufficiently homogeneous before Inflation. It is found that for a spatially
spherical Universe, favourable conditions to solve the Horizon Problem may be achieved
by considering a Universe dominated by dark energy or cosmic strings. In the case of
a flat and compact Universe, we first find that an additional geometrical condition, the
Null Ricci Condtion (NRC), needs to be violated in order to avoid an initial singularity of
the spacetime. This requirement forces us to modify the Einstein field equation, which is
implemented with the inclusion of an NRC-violating scalar field. The outcome is a spacetime
that is not only free of singularities, it is also able to satisfy the requirements for a smooth
and homogeneous Universe to evolve.
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Cosmology – the study of the Universe, is in some ways unlike other areas of physics,
where we can do repeated controlled experiments to confirm our theories. Instead the
Universe is itself one big ongoing experiment where its experimentalists live within. With
no parameters to tweak, no conditions for us to limit, what we can do is merely to observe.
In fact, observing is no easy task at all! Instruments that are able to look into the deep sky
are difficult to build and the cost is often astronomical. Furthermore it does not help when
one cannot leave the Universe to observe it from outside.
Technological advancements have enabled us to make precise astronomical observations
and as one may expect, most cosmological theories sought to explain these observations. For
example, the inflation theory successfully accounts for why the Universe seems to be so flat
today, why the horizon seems to look the same in all directions, and why we do not observe
monopoles. If we believe in inflation, then we will understand why our Universe is observed
to be in the state it is today; but nobody really understand why inflation occurred, and
what had happened before inflation to set the (thermal) conditions favourable for inflation
to set in. We just know that we need it!
Theories often leave room for various interpretations and modifications. For example,
although the space of our Universe seems to look flat, it may be regarded to be positively
curved or spherical, but had expanded to such large scale (through inflation) that it looks
5
6locally flat today. This however, does not deter us from thinking that we live in a really
flat (and compact) spacetime. Although the distinction between almost flat and exactly
flat may not be important for the happenings we see locally today, it does seem to make
an impact during the early Universe, when the scale of space was small. Thus it will
be interesting to explore the role of the nature of spatial geometry on the baby Universe
and find out how different she will be if she were born with her spatial dimensions being
spherical or flat. In particular, we will examine this in deSitter spacetime. The reason for
doing so is because deSitter space provides a simple model for the inflationary scenario,
which we believed must have happened soon after the birth of the Universe. We will show
that a simple pure deSitter spacetime with spherical spatial sections, dS(S3) for short, is
insufficient to solve the horizon problem. We thus study modifications to dS(S3) and also
deSitter spacetime with flat spherical sections.
The structure of the thesis will be as follows. For the rest of the Introduction, we will
fix some conventions and notations, followed by providing some background information
and work to lay the foundations for the later chapters. In chapter two, we first identify
the problems of pure dS(S3), leading to discussions of adding various types of matter into
the spacetime and its consequences. In chapter three, we discuss how to obtain a deSitter
spacetime with toral spatial sections and how to use it to solve the horizon problem. The
last chapter will conclude and summarise this work so far.
1.1 Conventions and Notations
The Lorentzian signature used is (−,+,+,+). Natural units in which the speed of light c
and the Dirac symbol ~ are set to 1 are used. This means that the Planck scale can be
related to the Newton’s gravitational constant by G = L2p =M
−2
p . Lower case Latin letters
from the beginning of the alphabet (a, b, c) are used as indices for the four dimensional
spacetime while the middle letters (i, j, k) are used for the three spatial dimensions. Upper
7case letters will be used for arbitrary dimensions greater than four in a similar way.
1.2 Penrose Diagrams and DeSitter Space
Penrose diagrams, also known as conformal diagrams, are compact two dimensional graphs
of spacetimes with null rays represented by 450 or diagonal lines. Despite being just simple
looking two dimensional pictures, Penrose diagrams not only represent various spacetimes,
they also illustrate the theoretical properties of the spacetimes in a clear and intuitive way.
Examples of Penrose diagrams are shown in Figure 1.1
(a) (b)
Figure 1.1: Penrose Diagrams of (a) Minkowski space and (b) the Schwartzschild solution
Many good textbooks [1][2][3][4] introduce the Penrose diagrams with the Minkowski
spacetime as the first example. In most of them, following next is the Penrose diagram for
the spacetime of the Schwartzschild solution. A series of coordinate transformations are
used to derive the right coordinates on which the diagrams are drawn. After this, many
theoretical phenomena can be deduced from the diagrams easily. We should bear in mind
that these diagrams do not teach us anything new of these spacetimes. They merely illus-
trate what we already know about of the spacetimes in compact drawings. Although being
8so, they are still very useful, particularly when we want to make certain modifications to
particular cosmologies, or when we need to see the implications of difficult theorems on
these spacetimes. Anyway who does not like the idea of having the whole Universe being
drawn on his own hands!
DeSitter space is a maximally symmetric spacetime with a constant positive curvature
R > 0. In the context of cosmology, the deSitter universe is one devoid of any form of
matter with the cosmological constant proportional to the square of the Hubble factor.
Four-dimensional deSitter space may be seen as the locus
−A2 +W 2 +X2 + Y 2 + Z2 = L2, (1.1)
which represents the surface of a five-dimensional hyperboloid in five-dimensional Minkowski
space (Figure 1.2)
ds2 = −dA2 + dW 2 + dX2 + dY 2 + dZ2. (1.2)
We will now be introducing a number of coordinate systems of deSitter space which are
useful for later discussions.
A. Global Coordinates (t, χ, θ, φ)
This set of coordinates is often the first coordinates of deSitter space introduced in the
literature. It may be obtained by parameterizing the ambient 5D–Minkowski coordinates
9Figure 1.2: 5-D hyperboloid, with 2 coordinates suppressed. The deSitter universe is divided
into 2 halves, the bottom half represents a contracting phase while the top half represents an
expanding phase. In cosmology, we often ignore the lower half as we think of our Universe
as has always been expanding.
(A,W,X, Y, Z) as






















sinχ sin θ cosφ





sinχ sin θ sinφ, (1.3)
with the domains of the coordinates
−∞ < t <∞ , 0 ≤ χ, θ < pi , 0 ≤ φ < 2pi. (1.4)
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This gives the metric for global deSitter coordinates to be





[dχ2 + sin2 χ(dθ2 + sin2 θdφ2)]. (1.5)
B. Conformal Coordinates (η, χ, θ, φ)
This coordinate system is the one in which the deSitter Penrose diagram will be drawn.










or dt = −Lcosec η dη (1.7)
The metric in these coordinates is then
ds2 = L2cosec2 η[−dη2 + dχ2 + sin2 χ(dθ2 + sin2 θdφ2)] (1.8)
It can be easily shown (but quite tedious though!) that the above metric can also be
obtained by the following parametrization
A = L cot η
W = Lcosec η cosχ
X = Lcosec η sinχ cos θ
Y = Lcosec η sinχ sin θ cosφ
Z = Lcosec η sinχ sin θ sinφ. (1.9)
C. Cartesian Coordinates (t, x, y, z)
Commonly called the flat coordinates, this coordinate system is often used in the literature of
inflationary cosmologies. For this reason, it is also referred to as the inflationary coordinates.
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The metric takes the form
ds2 = −dt2 + e2t/L(dx2 + dy2 + dz2) (1.10)
with
−∞ < t, x, y, z <∞. (1.11)
The metric can be obtained by setting







et/L(x2 + y2 + z2)







et/L(x2 + y2 + z2)
X = xet/L
Y = yet/L
Z = zet/L. (1.12)
This representation is however incomplete. It only represents half the deSitter space. We
will show this in more detail after deriving the Penrose diagram of deSitter space.
Earlier we had mentioned that the Penrose diagram is a spacetime graph of the conformal
coordinates {η, χ, θ, φ}, with null rays represented by 450 lines. More accurately, we want
the coordinates to be such that dTdR = ±1 where T is a timelike coordinate and R is a




ds2 = −dη2 + dχ2 + sin2 χ(dθ2 + sin2 θdφ2) (1.13)
The Penrose diagram is then the graph for the “unphysical spacetime” with two coordinates
(θ, φ) suppressed. Recall the conformal coordinates are obtained from the global coordinates
12




)→ 1/ sin η. Hence, with






we can infer that 0 < η < pi. Since we also have 0 < χ < pi, this implies that the Pen-
rose diagram of deSitter space is simply a square as shown in Figure 1.3. Each point in
the square represents a 2-sphere (from the suppressed coordinates {θ, φ}). An interesting
observation from the diagram is the formation of the cosmological horizon represented by
the intersecting null lines – Events in the left triangular quarter are not affected by, nor will
have consequence on, the events in the right triangle. It is worth noting that no such hori-
zon is formed in Minkowski space. It can be said that its formation is due to the spacelike
conformal infinities present in the deSitter Penrose diagram.
Figure 1.3: Penrose diagram for (simply connected) deSitter space. The vertical axis is
conformal time η while the horizontal axis represents the spatial dimension χ. Here we
have 0 < χ, η < pi. Look out for the cosmological horizon, which causally separates events
in the laterally opposite triangles.
To show the above claim that the cartesian coordinates only cover half the deSitter
spacetime, we consider and compare W − A in the conformal and cartesian coordinates in
13
Eqs.(1.9) and (1.12). This yields












cosec η[cosχ− cos η] = et/L (1.15)
⇒ cosec η[cosχ− cos η] ≥ 0 (1.16)
Since cosec η > 0 for 0 < η < pi, we have cosχ > cos η and hence η > χ. This implies that
the cartesian coordinates defined here only represents the top triangular half of the Penrose
diagram. This has serious consequence as it makes the spacetime geodesically incomplete
– null geodesics can enter the spacetime from nowhere. We shall see in later chapters how
this incompleteness takes on a different form in a flat and compact deSitter spacetime.
1.3 Modifications to DeSitter Penrose Diagram
DeSitter space itself is an idealized vacuum spacetime with a positive cosmological constant.
Hence at first look, it seems to have little to do with the real world. However modifications,
such as addition of matter to deSitter space, can make it to be of phenomenological interest.
Indeed there is a recent revival of interest in deSitter space when observations on distant
supernovae show signs of our Universe undergoing a phase of accelerated expansion. A
simple model for this is a growing dominance of a small cosmological constant, the Universe
moving into a so called ”asymptotically deSitter” state. A similar yet more drastic accel-
erating scenario is described in inflation. Here the dominating energy can be thought to
be due to a slowly rolling scalar field called the inflaton, corresponding to a large, slowing
changing cosmological “constant”. Although we do not aim to discuss these interesting eras
in this thesis, the point we would like to highlight here is that modifications to deSitter
space make it applicable to the study of cosmology.
Before we look at the modifications we can do, let us first examine another interpretation
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of deSitter space. The deSitter spacetime described in the previous chapter has a topology
of R×S3. However, deSitter himself prefered to think that the topology of “his” space was
R × RP 3 instead. (RP 3 or the real projective space is obtained from S3 by identifying all
antipodal points. The coordinates {χ, θ, φ} are identified by the antipodal map
χ→ pi − χ
θ → pi − θ
φ→ pi + φ. (1.17)
We say RP 3 is the quotient S3/Z2 = S3/{1,ℵ3} )
We remind the readers that this is not a modification but another interpretation. In fact
deSitter may be influenced by an earlier paper of Schwarzschild[11] , where the latter only
discussed <P 3 when considering positively curved space. It was found in[9] that viewing
the spatial sections of deSitter space as RP 3 instead of S3 is equally good (if not better in
the study of the Schwarzschild–deSitter space[9]) in conventional or quantum cosmology. If
we use the RP 3 version the Penrose diagram will look like a rectangle instead.
Figure 1.4: Penrose diagram for deSitter space with RP 3 spatial sections
However, out of historical accident, works on deSitter space have now become almost
entirely based on the S3 spatial section interpretation, and so in the contents that is to
follow, we will use the S3 picture.
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Moving on to modifications proper, we begin by perturbing the original deSitter (<×S3)
space with additions of matter that satisfy the Null Energy Condition (NEC). Such a matter
may be the conventional radiation, (non-relativistic) dust, or even dark energy. The NEC
can be represented by the inequalities
Tabk
akb ≥ 0 or ρ+ p ≥ 0. (1.18)
We note here that it is a usual and safe approach to obey the NEC. While “phantom
energies” or NEC-violating components may have interesting properties [30], they often
result in a future singularity [10].
A theorem of Gao and Wald [13] implies that generically, addition of NEC-satisfying
matters to deSitter space will make the Penrose diagram taller. This is desirable as it will
allow observers at the poles to be able to“see” the entire spatial section (a compact Cauchy
surface) at some sufficiently late time, as we try to illustrate in Figure 1.5.
(a) (b)
Figure 1.5: (a) Normal deSitter space: Observer at the pole fails to see the whole spatial
section in his finite lifetime (b) With perturbation by adding matter, the modified deSitter
Penrose diagram grows taller such that the observer can now see a whole spatial section at
some sufficiently late but finite time.
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The proof of this general theorem is highly mathematical and is beyond the scope of
this thesis, but we will present here an illustrative proof of the theorem in the special case
of a FLRW universe.
We start with the usual FLRW metric
ds2 = −dt2 + a(t)2
(
dr2
















For positively curved deSitter space, we set k = 1 and re-scale a(t) → La(t). For pure
deSitter(S3) space, a(0) = 1 and L is then the radius of the narrowest part of the throat in
Figure 1.2. We also call this minimum length scale of deSitter space the inflationary scale.













where amin = 1 for the pure, undistorted deSitter space. Since Ω is dependent on the
dynamics of the spacetime (i.e. on a˙, which we will write it as a function of a), we study
the Friedmann equation which is an equation of motion for the expanding Universe. From
the (re-scaled) metric, the non-zero components of the Ricci tensor are
Rtt = −3 a¨
a
Rij = (L2aa¨+ 2L2a˙2 + 2k)g˜ij , (1.22)
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where gij = a(t)2g˜ij . Let the matter content of the spacetime be represented by the (diag-
onalised) energy momentum tensor Tab with elements
T00 = ρ and Tij = pgij . (1.23)
Putting them into the Einstein equation
Rab − 12Rgab + Λgab = 8piL
2
pTab, (1.24)





2ρa2 − k + Λ
3
L2a2. (1.25)







min − 1 + a2min. (1.26)
From the “energy conservation” equation ∇ · T = 0, the zeroth component





ac = 0 (1.27)






We assume that the equation of state w = p/ρ is a constant,
ρ˙
ρ




ln ρ = −3(1 + w) d
dt
ln a






where α is a positive constant and  = −3(1 + w).
Substitute the expression for ρ into Eq.(1.26)










a+2 − 1 + a2 (1.31)












a+4 − a2 + a4
. (1.32)
The choice of initial condition amin = 1 corresponds to an expanding deSitter universe with
an initial length scale L. This as discussed in Figure 1.2, represents the top half of the
global deSitter spacetime.We thus know that the height of the Penrose diagram in this case
is pi/2. This indeed is the value obtained by setting amin = 1 into the formula in Eq.(1.32).
From Eq.(1.30), we see that an addition of an energy component (α > 0) will mean
19
that amin takes on a value smaller than unity. This simply means that addition of matter
into deSitter space makes the initial size of the Universe smaller. We can examine the
effect of this on the height of the Penrose diagram. The analysis is however a little tricky.
For amin < 1, the denominator of the integrand in Eq.(1.32) gets larger, so the integrand
becomes smaller. However, since the domain of integration also increases, so it is not clear
in this form whether the integration will yield a larger or smaller value than pi/2. We can






















b4[(1− a2min)b + a2min]− b2
(1.34)
If  < 0, then
b < 1
(1− a2min)b < 1− a2min
⇒ (1− a2min)b + a2min < 1, (1.35)
where the LHS of the inequality is the coefficient of the b4 term in the integrand of Eq.(1.34).









b4 − b2 (1.36)
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Since the LHS is the formula for Ω and the RHS works out to be pi/2, we conclude that the
height of the Penrose diagram increases with the addition of matter if  < 0. We now show








αa = −3(p+ ρ) for a˙ 6= 0 (1.37)
NEC ⇔ RHS < 0
⇔ LHS < 0
⇔  < 0 since α > 0 (1.38)
Thus we have shown that with the addition of an NEC satisfying matter component into
deSitter space, the initial size of the Universe is reduced and Penrose diagram becomes
taller as a result. We shall see in later chapters that these effects are desirable in the pre-
inflationary era as a small early Universe with a tall Penrose diagram is required to solve
the Horizon Problem.
1.4 The Horizon Problem
Astronomical observations of the cosmic microwave background (CMB) have shown that
our universe is isotropic, that is it looks the same when viewed in all directions. The smooth
CMB has a temperature of 2.73K and variation from this temperature is generally tiny. This
suggests that distant events had thermal interactions in the past. By distant we mean that
the number of lightyears separating the events is greater than the age of the events. If we
insist that information cannot travel at the speed of light, then it seems hard to justify the
21
similarity of the two events. This is the Horizon Problem.
Enter the inflationary scenario – the enormous expansion of the universe, with spacetime
itself expanding faster than the speed of light. Inflation addresses the horizon problem by
telling us that the two events were in the past not so far apart after all! In the very early
universe, events were close enough for the exchange of signals to take place, inflation then
increased the distance between them at an exponential rate. Here we make the distinction
between objects moving away from each other and the increasing separation between them
due to the expansion of space. In the former, the coordinate positions of the objects change;
there is a non-zero velocity associated with the objects, and this velocity cannot exceed the
speed of light c. In the latter, the objects stay still in their respective coordinate positions,
but find the space in between them increases. Such phenomenon is due to an increasing
scale factor, whose magnitude of the time derivative can be greater than c. Modelling the
inflationary scenario with an expanding deSitter universe, we summarize the problem with
the help of the Penrose diagram of deSitter space in Figure 1.6.
Figure 1.6: The Horizon Problem and Inflation. The rectangle represents the expanding
phase of the inflationary era, and above which is the post-inflationary Universe where we live
in. An observer O in the post-inflationary Universe looks at the sky in opposite directions
and is confused why the two events Q1 and Q2 which seems out of causal contact look so
similar. At the start of inflation (the lower horizontal line), the Universe is small and the
space is homogeneous and isotropic. This “nice and smooth” Universe blows up such that
the observed Universe at the end of inflation is also homogeneous and isotropic.
During inflation, exchange of information is possible as seen from the intersecting past
causal cones of the two events deep in the deSitter space. Signals can even run to and fro
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the histories of the events, ensuring maximum interaction. This however does not apply
throughout the whole space – events at the poles P1 and P2 are completely out of causal
contact. Thus a simple deSitter model is insufficient to account for a completely homoge-
neous spacelike hypersurface at the end of inflation (represented by the upper horizontal
line in the in Figure 1.6). In fact we really need a smooth and isotropic Universe to start
with before inflation can begin. From the metric in Eq.(1.5), we see that the initial size of
the inflationary universe is L, also known as the inflationary scale. In classical cosmology,
the inflationary scale is a free parameter. In quantum cosmology, one tries to determine the
inflationary scale with the help of a wavefunction of the Universe. Unfortunately, there is a
unresolved 20-year dispute on the form of this distinguished wavefunction [17]. In a recent
development by Sarangi et. al. [26][27], a modified and improved version of the Hartle-
Hawking wavefunction for the Universe was suggested. In their model, the most probable
value of L is around 104Lp for a vacuum universe. It is however hard to imagine a universe
of such rather large scale to be born in a homogeneous state. We think that the universe
was born much smaller, in an almost homogeneous state, and grows to the inflationary scale
L during what we shall call the pre-inflationary era. If this era is sufficiently long, signals
from the poles can be exchanged before inflation occurs, ensuring a fully homogeneous state
of space before inflation sets in. Hence we conclude that to solve the horizon problem, we
require a tall Penrose diagram for the early universe which is born (from nothing) with a
small initial size.
Instead of creating a whole new phase where the universe evolves, we try to include the
pre-inflationary era into the original inflationary framework as “unimposing” as possible.
This is done by choosing a suitable modification to pure deSitter space, which is natural since
we should not expect the vacuum deSitter space to represent our real world. Having seen
how the addition of NEC satisfying matter components increases the height of the Penrose
diagram, this is equivalent to admitting a pre-inflationary spacetime into the model. We
end this section by saying that to obtain a small initial size of the universe and a tall Penrose
diagram for the modified deSitter space to solve the horizon problem is the motivation for
the work of this thesis.
23
Figure 1.7: A tall Penrose diagram for the pre-inflationary (0 < η < Ω − pi) and inflation
(Ω−pi < η < Ω) eras. Information from the poles can be sent back and forth before inflation
begins. This implies that signals from anywhere in space can circumnavigate the Universe.
The rich interaction thus ensures the homogeneity of space before inflation blows up the
space to its observed state today.
1.5 Creation from Nothing and the Wavefunction of the Uni-
verse
In the previous sections, we have made considerable efforts to understand deSitter space.
This is to prepare us to understand and work on models of the early universe with an infla-
tionary era described by deSitter expansion. We do know that our Universe has probably
undergone a period of inflation. The natural questions to ask are “what happens before
that?” and “what causes inflation to occur?”. Although no one knows for sure, ideas have
been proposed to address these questions. Generally, these ideas discuss the birth of the
Universe with an inflationary era.
An enticing idea on the birth of the universe was proposed by A. Vilenkin in 1982[14].
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In the short but interesting paper, he suggested that our Universe was created by quantum
tunnelling from nothing into a deSitter spacetime via an S4 instanton. Nothing here refers
to a state of no classical spacetime. This model is analogous to the electron-positron pair
production in vacuum. The role of the position vector ~x(t) in the e+ − e− case is replaced
by the cosmological scale factor a(t) while vacuum is analogous to nothing. The nice feature
of the model, as suggested by Vilenkin, is that it removes the undesirable initial singularity
in the hot Big Bang cosmological model. It also does not require any initial or boundary
conditions. The concept of creation of the Universe from nothing is a “crazy idea” (quoting
Vilenkin himself); how can nothing contain the energy to create the Universe? There is
an obvious ambiguity of what nothing really means. One should not be too hopeful that
classical GR will be able to solve this mystery. Developments to build a more complete
picture is still undergoing research and it is hoped that this framework could one day be
justified by a full quantum theory of gravity. Nevertheless this idea, at least qualitatively,
remains to-date the most promising semi-classical model in quantum cosmology to describe
the birth of the Universe. The main structure of the model is outlined below.
Suppose the Universe starts in the symmetric vacuum state described by a closed FLRW
metric
ds2 = −dt2 + L2a(t)2
[
dχ2 + sin2 χdΩ2[2]
]
, (1.39)
where dΩ2[2] is the metric of a unit 2-sphere. The Friedmann equation (from Eq.(1.25), with
ρ = 0, k = 1, Λ/3 = 1/L2) is,
L2a˙2 − a2 + 1 = 0, (1.40)








The Euclidean version (t→ −it) of the above Friedmann equation is








The Euclidean metric is then
ds2E = dt





dχ2 + sin2 χdΩ2[2]
]
. (1.44)
























dt2 = L2 cos2 τ dτ2
(1− sin2 τ) dt2 = L2 cos2 τ dτ2
dt2 = L2dτ2 (1.46)
We can hence rewrite the metric as
ds2E = L
2{dτ2 + sin2 τ [dχ2 + sin2 χdΩ2[2]]} (1.47)
which is the metric for a 4-sphere of radius L. This is the S4 instanton mentioned earlier.
Discarding the lower half of the deSitter hyperbola (corresponding to the contracting phase
which we think has never occurred) and replacing it with half the S4 instanton solution,
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we symbolically picture the birth of the Universe as in Figure 1.8. At the transition from
Euclidean to Lorenztian time, a(0) = 1, a˙(0) = 0. the Universe is born out of nothing (no
classical spacetime) with a length scale L and zero velocity.
Figure 1.8: A schematic representation of the birth of the inflationary universe by quantum
tunnelling via a S4 instanton. The Universe is born with a length scale L and zero velocity.
Soon after the release of Vilenkin’s paper, James Hartle and Stephen Hawking wrote a
paper entitled “The Wave Function of the Universe”[19]. Extending the pioneering ideas of
quantum gravity by DeWitt[20], Hartle and Hawking proposed the no-boundary condition to
solve the Wheeler-DeWitt equation with the minisuperspace approximation. The Wheeler-
DeWitt (WDW) equation for quantum gravity is analogous to the Schro¨dinger equation in
quantum mechanics. The equation is however too complicated to solve and no one to date
was able to solve it in its general form. Severe approximations are required to handle the
WDW equation. The minisuperspace approximation simplifies the problem by reducing the
degree of freedoms drastically down to two, one for gravitation and the other for matter.
Still there is a need to impose a boundary condition and this is where ambiguity lies. Hartle
and Hawking suggested that the initial condition for the spacelike boundary is a point of
zero 3-geometry. This is of similar flavour to Vilenkin’s scenario of creation from nothing.
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The Hartle-Hawking (HH) wavefunction will be introduced again in Chapter 2, where it





where SE is the Euclidean action and a usual Wick rotation t→ −iτ was used.
The HH wavefunction is not the sole contender for the wavefunction of the Universe.
Linde argued that what Hartle and Hawking had suggested is at most a ground state
wavefunction, and is inappropriate to describe the tunnelling from nothing to the deSitter
inflationary universe. The objection to the HH wavefunction mainly pivots on the fact that
it prefers the creation of a large Universe, which is clearly unphysical. Linde [22] suggested
that the Wick rotation should be altered to t → iτ , which will result a change in sign of





Such an approach may seem to be more reasonable as it prefers the creation of a small
universe, but it will have disastrous effects when matter fields are added.
Vilenkin later dropped his original instanton approach and adopted the WKB approxi-
mation and a boundary condition that only allow “outgoing modes” in the classical allowed





Although being fundamentally different from the Linde wavefunction, in the case of pure
gravity the result is the same. Reviews on the debate for and against each wavefunction
can be found in [17] and [28].
Recently, Firouzjahi, Sarangi and Tye proposed a modified version of the HH wavefunc-
tion in [26] and [27]. They argued for an addition of a decoherence term that arises due
to the presence of an environment created by perturbative modes of the metric and matter
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fields that couple to it. Although their justification for decoherence is rather controversial,
their results do serve as an improvement to the HH wavefunction – the tunnelling into a
large universe is now suppressed. The authors also claim that the modified wavefunction
selects the birth of an inflationary universe.
A final note to end this section and chapter, we find that most of the works on the
quantum creation of the universe are built for a “closed universe”, or one which is spatially
spherical. This is expected since the spatial sections of the global deSitter space is a 3-
sphere. However we feel that compact flat cosmologies are also worth studying. In the
following two chapters, we shall look into greater details the different cosmologies brought
about by considering spherical and (compact) flat spatial sections of deSitter space, and
ultimately address the Horizon Problem in each case.
Chapter 2
Spatially Spherical Cosmologies
In almost all early works on the birth of the Universe and inflation, a closed Universe is
assumed. This is because a closed Universe avoids the problems of specifying boundary
conditions for the Universe. Without going into non-trivial topologies, a spherically shaped
Universe with S3 spatial sections is a good model for a closed Universe to start with.
In this chapter, we begin with reviewing some important works of quantum cosmology
relevant to the scope of this thesis. We then examine quantitatively how different forms
of matter added to the spacetime may help to solve the horizon problem. We find that
the results look bleak for “normal” matter such as radiation and dust, but the situation
improves significantly when exotic matter comes into play. Particularly, the consequences
of a universe born with cosmic strings are studied in the last section of this chapter.
2.1 Some Basics of Quantum Cosmology
Einstein’s general relativity is a classical theory of gravity which is central to modern cos-
mology. While it may be the theory to describe the large scale structure of spacetime, its
validity is highly doubtful when mass-energy are concentrated within an extremely small
volume of space. Theoretical physicists therefore feel the need for a quantum theory of
gravity to study such circumstances. An obvious application of such a theory in cosmology
is to understand the physics of the early universe, or the big bang era. This area of study
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is known as quantum cosmology. The early works in quantum cosmology is largely moti-
vated by the ideas of Wheeler and DeWitt[20][21]. The Hamiltonian formulism of GR is
the language used, whereby diffeomorphism is translated to the Hamiltonian constraint













h−1/2(hikhjl + hilhjk − hijhkl). (2.2)
This is also known as the Wheeler-DeWitt (WDW) equation. Ψ = Ψ(hij , φ) is the wave-
function of the universe defined on the (super)space of all 3-metrics hij(~x) and 3-dimensional
scalar fields φ(~x). The WDW equation is an untamed monster yet to be subdued – no one
had solved the equation in its general form above. The problem lies in the fact that the su-
perspace has too many degrees of freedom. Often to simplify problems, the minisuperspace
approximation is employed, where the scale factor serves as the only gravitational degree of
freedom and a conformally invariant scalar field to be the only matter degree of freedom.
Even with such drastic approximation, boundary conditions need to be specified to solve
the WDW equation. It is however unclear what was the initial condition in our Universe.
The best we can do is to speculate and hope that such speculation lead to results that
correspond to observations. The ambiguity of the boundary conditions had led to different
versions of the wavefunction of the universe, and sparked a debate of which is the (more)
correct one. This have been briefly mentioned in the Introduction. Here we provide a more
detailed description, particularly for the case of pure gravity.
The Hartle Hawking wavefunction
A wavefunction in quantum mechanics describes the state of a single particle. In the
path integral approach, the probability amplitude, or amplitude for short, for the particle
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to be located at x at time t is given by









mx˙2 − V (x) dt, (2.4)
and the path integral is the sum over the amplitudes for all paths to x(t). Varying the
endpoints of Eq.(2.3) yields the Schro¨dinger equation i∂ψ/∂t = Hψ.
In quantum field theory, a field φ(t, ~x) replaces x(t)as the dynamical variable. Lorentz
symmetry is imposed on the Lagrangian.
Back to quantum mechanics, the ground state wavefunction–the state of minimum ex-
citation, can be defined by
ψ0(x, 0) = N
∫
δx(τ)e−iSE [x(τ)] (2.5)





mx˙2 − V (x) dt, (2.6)
obtained from the classical action though t → −iτ corresponding to a Wick rotation to
imaginary time. Here we follow the convention of [34]. The generalization to quantum
fields is straightforward:
Ψ0[φ(~x), 0] = N
∫
δφ(x)e−SE [φ(x)] (2.7)
Here Φ0 represents the vacuum wavefunction.
Moving on the quantum cosmology, we follow the idea proposed by Hartle and Hawking[19].
The variable of the wavefunction of the Universe is a 3-metric hij , which is an induced met-
ric of the spacelike boundary over all 4 geometries in given boundary. The variation over
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the end-geometry of the wavefunction




gives the Wheeler-DeWitt equation in Eq.(2.1). The mathematical formulation can be found
in a collection of papers compiled in [21]. The proposed ground state wavefunction is
Ψ0[hij ] = N
∫
δge−SE [g] (2.9)
In our context, the ground state corresponds to deSitter space in the classical limit. Given
our limited knowledge of the birth of the Universe, it is ambiguous what is the initial
condition we need to solve the Wheeler-DeWitt equation for the ground state wavefunction.
To circumvent the problem, it was proposed in [19] to take the sum in Eq.(2.9) to be
over only geometries that are compact. This is equivalent to assuming that there is no
spacelike boundary in the Euclidean regime and hence no induced metric initially. Hartle
and Hawking then interpret the ground state wavefunction as the amplitude to obtain a
deSitter Universe from a point of zero 3-geometry or “nothing”. This is of similar flavour
to Vilenkin’s picture of creation of Universe from nothing [14] as discussed briefly in the
Introduction. We will now refer the ground state wavefunction given in Eq.(2.9) as the
Hartle-Hawking (HH) wavefunction, ΨHH.
As a warm-up, we first work out the probability of the creation of an inflationary Uni-
verse described by the global deSitter (S3) metric in Eq.(1.5) from the Hartle-Hawking
wavefunction. Using t→ −iτ to translate from the Lorentzian spacetime to the Euclidean
regime, one has the Euclidean metric for global deSitter spacetime as
ds2E = dτ




[dχ2 + sin2 χ(dθ2 + sin2 θdφ2)] (2.10)












sin2 χ sin θ (2.12)
respectively. The (Einstein-Hilbert) Euclidean action is





























where we have set Λ = 3/L2 and used Eq.(2.11) and (2.12) to obtain the last line. In
accordance to the creation from nothing model, we start with a(τi) = 0. The inflationary
Universe of length scale L was then created during the Euclidean to Lorentzian transition
at τ = t = 0. Hence we set τi = −piL/2 and τf = 0 to recover a(τi) = 0 and a(τf ) = 1.





The HH wavefunction is proportional to exp(−SE) = exp(piL2/2L2p). The probability of







It is easy to see that the HH wavefunction favours the creation of a universe with the largest
initial length scale L possible (if we assume there is a cutoff, if not, then Lmode →∞). This
is clearly unphysical and invites an alternative construction.
The Linde and Vilenkin wavefunction(s)
Linde[22] and Vilenkin[16] proposed their versions of the wavefunction of the universe
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soon after Hartle and Hawking. The basic differences between the wavefunctions are men-
tioned in the Introduction and shall not be repeated here. We however point out again that
the approaches of Linde and Vilenkin are fundamentally different. Yet in the case of pure








(Here the subscript T stands for tunnelling. This we had adopted from Vilenkin, who calls
his wavefunction the tunnelling wavefunction ΨT ). We see that this wavefunction chooses
the tunnelling of a small universe over a large one, and thus seems to be more physical
than the HH wavefunction. On closer look, one finds that the wavefunction promotes the
birth of a small universe with a very high vacuum energy ρΛ = 3/8piL2pL
2. This lead to
speculations that the universe may be created as a quantum foam, followed by a period of
chaotic inflation as described in [25]. While the works on chaotic inflation are interesting
and definitely worthy of a more detailed study, it is beyond the intended scope of the thesis.
Thus we shall not dwell any further on these wavefunctions and make a leap of 20 years
to look at a recent modification of the HH wave function by Firouzjahi, Sarangi and Tye
(FST).
2.2 The FST Wavefunction
The FST wavefunction is a modified version of the HH wavefunction. Firouzjahi, Sarangi
and Tye [26][27] proposed that the presence of the metric perturbative modes and matter
fields acts as an environment and this results in quantum decoherence. Taking account of
this, FST suggested that the HH wavefunction should be modified to
ΨFST ∝ exp(−SE[FST]) = exp(−SE −D) (2.17)
where D is the decoherence term to be determined.
In [27], the later paper, Sarangi and Tye fine-tuned their arguments and calculations
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of [26], by including effects of “backreaction” of the tensor perturbation modes on the S4
instanton. This effectively generates a radiation component that acts as the environment
and changes the shape of the instanton to a “barrel shape”. More importantly, the presence
of radiation suppresses the tunnelling probability of the quantum creation of the Universe.
Since the amount of radiation is positively correlated to the size of the Universe, this means
that the FST term works well to prevent the tunnelling to a very large Universe, which was





and thus from Eqs.(2.14)and (2.17), we square the wavefunction to obtain the (un-normalised)










We can immediately see that due to the decoherence term, the probability no longer
diverges for large L, but instead peaks at some maximum. Using the FST wavefunction,
we find that the most probable initial size of the Universe is of the order 104Lp. This is
still slightly too large (by our standards) but is certainly a great improvement from the
results of the HH wavefuction. As the decoherence term in the FST wavefunction plays
a central role in this work, we shall show its derivation here in detail. This includes an
interesting study of the path integral of an harmonic oscillator with time-dependent mass
and frequency, which certainly is a non-trivial calculation and thus pushed to the Appendix
to prevent disruption of the flow of reading.
The derivation begins with the basic set-up with the Euclidean Einstein-Hilbert action
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and the FRW metric:















Treating the Universe as a “particle” with “position” given by the cosmological scale factor
















































where we note the additional term is proportional to a−4, hence radiation-like. It is also
proportional to 1/λ2 ∝ L4, thus showing its weight on the creation of a large universe.

















+ a2(n2 − 1)
]
(2.29)
Deeper study of various perturbation modes of the metric required to obtain the above














This is the action of an harmonic oscillator with time dependent mass a(τ)3 and frequency
√
n2 − 1/a(τ). The path integral
Z =
∫









where u is a time variable defined by
du = a(τ)−3dτ (2.33)
and f is a specific solution of the classical equation of motion given by
d2tcln
du2
− Ω2n(u)tcln = 0. (2.34)
with initial conditions
f(ui) = 0 and
d
du
f(ui) = 1. (2.35)
38
Here the observable is a(u) while Z is the environment to be integrated out or traced away









n − tfn) Z (2.36)
where tin and t
f
n are defined later in Eq.(2.39). To obtain the term containing the classical
action, we need to solve for the classical equation of motion given in Eq.(2.34). For an
arbitrary potential Ω(u), there is no general solution. We can however use the WKB
approximation, based on the assumption that Ω(u)2 is slowly varying. The approximation
is valid for large n where Ω2 ∼ n2 and Ω˙ ∼ n and since it is the higher n modes that
contribute to the suppression of the tunnelling, the WKB approximation is appropriate
here.

















The values of A and B depend on the boundary conditions, which we arbitrarily let it be




n (uf ) = t
f
n (2.39)




































Solving simultaneously for A and B gives





































































To trace over the propagator (see Eq.(2.36)), we need to set tin = t
f
n, Ωn(ui) = Ωn(uf ) and



















Ωn(uf )(eDn + e−Dn − 2) (2.48)
Next we work out f(uf ) in the prefactor of Eq.(2.32), understanding that f is a particular
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solution of the classical equation of motion with boundary conditions given by Eq.(2.35).
From the general solution of the classical path obtained through the WKB approximation
above, the boundary conditions give













pi(eDn − e−Dn) (2.50)















for large D corresponding to large values of n and Ωn.
The tensor perturbations originate from the perturbed metric studied in [35] and [36].
The perturbation is expanded in terms of spherical harmonics with a total degeneracy of
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where we have assumed some cut-off for n, nmax = N , which in [27] Sarangi and Tye
claimed that a natural cut-off for n is given by the ratio of the short wavelength cut-off Ls


























where ν = 2L4p/9pi















































































This is the FST wavefunction in 4-dimensional spacetime. Although the derivation above
specifically uses tensor perturbative modes of the metric as the background environment,
similar analysis can be done for scalar and vector modes of the metric. We expect the
results to only change up to constant factors in the decoherence term.
The geometrical nature of the decoherence term and its proportionality to L4 invites us























where the constant c is to be fixed phenomenologically by comparing with the 4−dimensional
case. Also in the above, V10 = V4 × V6 where V6 is the volume of the extra compactified
dimensions. From dimensional analysis of the Poisson equation for gravity, ∇2Vg = 4piGρm,
we can derive the gravitational constant and the Planck length for any arbitrary dimension








G(D) = lD−4c G , (2.65)
where lc is the length of the compactified dimensions. In the case of D = 10, we have
G(10) = V6L2p (2.66)
where we have assumed V6 = l6c . In string theory, the 10−dimensional gravitational constant
is related to the string scale as follows
G(10) = g2L8s (2.67)
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2.3 The Initial Size of the FST Universe
The work of FST on the modified wavefunction is rather speculative and not well accepted
by all. However their results do seem to be promising as an improved HH wavefunction
in a physical sense – the probability is bounded and thus normalisable. A plot of the
probability given in Eq.(2.19) yields Figure(2.1), which shows that the probability of an
FST universe peaks at a finite length scale of 104Lp. An equally important observation is
the modified wavefunction no longer favours the creation of the largest possible Universe,
as was in the case of the original HH wavefunction. Hence, fundamental issues aside, the
FST wavefunction proves to be a phenomenologically sound model.
The most probable size of the FST Universe is around 104Lp. This corresponds to the
vacuum energy of an inflationary Universe, allowing FST to conclude that the wavefunction
seems to be able to “select” the inflationary landscape from the vast number of vacua in
the stringy cosmic landscape. The inflationary scale
L ≈ 104Lp (2.70)
calculated from the FST wavefunction is also the initial length scale of the deSitter Universe
(since a(t = 0) = 1). In other words, the FST wavefunction selects the creation of a Universe
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Figure 2.1: Probability of creation of an FST universe. A universe of initial length scale of
around 104Lp is most favoured.
ten thousand times larger than Planck length to begin with. This bridges the extreme results
of Hartle-Hawking and Linde, but is still too huge for a fully homogeneous initial state to be
reasonable. We had seen in the Introduction how the addition of matter can help to reduce
the initial size of the Universe (essentially by having a(t = 0) < 1). Hence the natural next
step is to find out how much can the addition of various matters into the FST Universe do
to help reduce the initial size.
2.4 Addition of Conventional Matter
In the previous chapter we have seen that additions of NEC-satisfying matter will result in
a taller Penrose diagram of deSitter space. This is of course a welcomed result in view of
the horizon problem. As shown in Figure 1.7, we will like the height of the Penrose diagram
to be at least 3pi. The preferred size of the universe may vary with individual choice. Some
feel that it should be born at Planck scale, while others may think that physics at the
Planckian scale is far too complicated and best avoided. We suggest that it may be good
enough if the universe were to be born at a string scale, which is roughly 100 times larger
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than the Planck scale, and 100 times smaller than the inflationary scale. The question is
now how small the universe and how tall the Penrose diagram can we get with the addition
of matter.
We begin by considering examples of adding conventional matter that satisfies the strong
energy condition (SEC) such as radiation or pressureless dust into deSitter space. Roughly
speaking the SEC determines whether matters are gravitationally attractive or repulsive.
For example, “normal matters” such as non-relativistic dust and radiation satisfies the
SEC, while the vacuum energy, dark energy and dark matters have negative pressures and
violate the SEC. We can write the zero-zeroth component of the Einstein field equation as
R00 = 4piL2p(T00 + g
ijTij). The SEC on the matter stress tensor requires the RHS of the
equation to be non-negative. For an FLRW universe, R00 = −3a¨/a. This means that the
SEC of the overall matter stress tensor has to be violated for the universe to accelerate.
Assuming that the addition of matter into deSitter space does not disturb its isotropic
and homogeneous state, that it retains its FLRW character, the Friedmann equation will






2 − 1 + a2 (2.71)
where ρx is the energy density of the added component. We keep ρ for the total energy den-
sity such that ρ = ρx+ρΛ where ρΛ = 3/8piL2pL
2 is the vacuum energy of deSitter spacetime.
Further assuming a constant equation of state w = px/ρx for the added component, this





where α is a positive constant and  = −3(1 + w). Here, satisfying the SEC means that
w > −1/3 or  < −2. We see that there is a limit for the amount of matter we can add,
or else the total energy density will satisfy the SEC and subsequent acceleration of the
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universe will be difficult to achieve. More importantly, the SEC is an important condition
for the Hawking-Penrose singularity theorem to apply [1], which means that satisfying the
SEC in the early Universe brings our us dangerously close to having a past singularity. It






to quantify the amount of matter added. The upper bound of κ depends on the different
types of matter chosen. Violation of the SEC requires
ρ+ 3p < 0
ρox + ρΛ + 3pox + 3pΛ < 0
ρox(1 + 3w)− 2ρΛ < 0
ρox
ρΛ





Generally, the smaller the equation of state of the added SEC-satisfying component, the








min − 1 = 0
αa2+min + a
2
min − 1 = 0
κa2min + a
2
min − 1 = 0
⇒ amin = 1√1 + κ (2.75)
For a universe that is born with radiation in a deSitter universe, we set  = −4 (or w = 1/3)





This shows that although adding radiation does reduces the initial size of the universe, it
can at most reduce it to 71% of the original deSitter scale, not a fantastic amount really.
For dust,  = −3 (w = 0), giving κ < 2. Here we find that as κ approaches its upper
bound,
κ→ 2 amin → 1√
3
(2.77)
which is again not a great improvement.
Let us turn our attention to the height of the Penrose diagram. We use the expression










Using MAPLE to analyze the integration numerically, we find that it is possible to obtain
a height of at least 3pi only at the expense of extreme fine-tuning of the parameter κ. For
the case of radiation, we require 0.99997 < κ < 1 and for dust, 1.999 < κ < 2. A space-
time with a tall enough Penrose diagram to solve the Horizon Problem is thus non-generic
for a universe born with normal SEC-obeying matters. Hence we concluded that although
an inflationary universe born with dust or radiation is smaller and “taller” than the pure
deSitter Universe, the improvements are not sufficient to provide a satisfactory setting to
solve the Horizon Problem.
2.5 Addition of SEC violating matter and cosmic strings
Let us now move away from the usual radiation and dust to investigate the outcome of
adding more exotic kinds of matters into deSitter spacetime. We shall allow the matters to
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violate the SEC, which means that
ρx + 3px < 0
ρx(1 + 3w) < 0
w < −1
3
⇒  > −2 (2.79)
An important point to note here is that we do not need an upper bound for κ = ρx/ρΛ now
as it is guaranteed that the total energy density will violate the SEC. Immediately from
Eq(2.75), we know that it is possible to obtain a universe as small as we like by choosing a
κ as large as we want. In this aspect, SEC-violating matters fits well into our picture.
Matter with w < −1/3 (or  > −2) are classified as dark energy. Dark energy came
into the literature of cosmology to help make up the total matter content that our Universe
should have. Astronomical data shows that our Universe is very flat, meaning that the
energy density of our Universe is approximately equal to the critical density ρc = 3H2/8piG.
The problem is that we do not see enough matter. Ordinary baryonic matter (matter that
we can detect directly), make up only about 5% of the total matter content. The invisible
remainder is accounted for by dark matter and dark energy, which make up 25% and 70% of
our Universe respectively. Dark energy can be represented as a fluid with negative pressure,
thus resembles matter that is gravitationally repulsive. Unlike normal and dark matter, it
is smoothly distributed throughout space. Because of its repulsive nature, it is widely used
to explain for the current acceleration of our Universe. Recent astronomical data restricts
the (current) equation of state for dark energy to be −1.38 < w < −0.82 at 95% confidence
level [37]. We find that with this range of w, it is extremely hard (if not impossible) to
obtain the desired height of the Penrose diagram. This should not cause a worry for us
though since we are not modelling the current Universe, but the very early Universe even
before Inflation. We are contented to find that dark energy with a relatively large equation
of state do fulfil our requirements. For example, for w = −0.4, κ = 8000, the height of the
asymptotically deSitter Penrose diagram is approximately 9.45 > 3pi.
50
Let us now look at the case of w = −1/3, or  = −2, which is not dark energy, but
stands alone as a particularly interesting case worthy of further investigation. Firstly we
notice that by substituting ρ ∝ a−2 into Eq(2.71), the powers of the scale factor in the first
term on the RHS cancels off. We can then add this to the second term, which represents





we can define an “effective curvature”
keff = 1− α (2.81)






We see that keff is still positive but the space seems to become “flatter” with the addition
of such matter.
So what kind of matter does ρ ∝ a−2 represent? Comparing with non-relativistic dust,
whose energy density ρ ∝ a−3 decreases proportionally with the volume expansion of the
universe, we can infer that matter with ρ ∝ a−2 only feels the expansion in two dimensions
of the three dimensional space. Such matter must then have a linear dimension that co-
expands with the universe, and hence does not feel the expansion in that dimension. Finally
we conclude that such matters are strings! The idea of a universe born with strings will
probably be welcomed by all string theorists. Fundamental strings aside, another type of
strings that appear in the context of cosmology are the cosmic strings.
Cosmic strings are topological defects that form when the axial symmetry is broken.
They are thought to be born during a phase transition as the universe cools. Being massive
objects, a long cosmic string can act as a gravitational lens that allows us to see two images of
an object behind it. There is a recent surge of interest of in these strings due to astronomical
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observations of some pair images that may lead to the discovery of cosmic strings existing
today. Of course, for these strings to be observable today, it must be produced some time
towards the end of inflation. (It could not have been produced after inflation because then
the energy density will be too low for the production of such strings.)
In our context however, for simplicity we do not consider how the cosmic strings are
produced, but instead consider our universe born with these strings. Using a similar analysis
as before, we find that to obtain the desired height of the Penrose diagram (Ω > 3pi) we
require κ > 35. If we set κ > 10000, the initial length scale of the Universe will be reduced
to about 10−2L ≈ 102Lp. We approximate this to the string scale Ls, the scale with which
we believe the Universe is born so that it begins in an almost homogeneous state. Thus we
found that a universe dominated by cosmic strings at birth can give us a suitable condition
to solve the Horizon Problem. This invokes the question of how much this universe differs
from the pure deSitter universe.
While solutions of radiation and dust-dominated universes are well known [2], the solu-
tion for a string dominated universe is not found in standard GR textbooks. Starting with











min − 1 + a2
)1/2
= (α− 1 + a2)1/2

















From the previous chapter, we set the “velocity” of the universe at birth to be zero. So the
initial conditions are
a(t = 0) = amin , a˙(t = 0) = 0 (2.84)
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0 = α− a+ a2min
⇒ A2 = 1− (1− a2min) = a2min






Therefore, the FLRW metric becomes





dχ2 + sin2 χ(dθ2 + sin2 θdφ2)
]
(2.86)
which is awfully similar to the global deSitter metric in Eq.(1.5), just with an extra factor
of amin < 1 in the scale factor. This does not come too surprising as we have noted earlier
that the string’s energy density share the same power as the curvature term, so the solution
should look like the vacuum case. We should also note that the simple solution is a result of
the naive approach we have taken so far. To this end we have only considered strings that
are co-moving with the expansion of space. If the dynamics and interactions are considered,
these strings can form loops, move around, intercommute, vibrate and radiate energy. Such
analysis will however involve an extensive use of computer simulations. Readers interested
in the subject of cosmic strings may refer to [18].
Summarizing the work on spatially spherical cosmological models, we applied the FST
wavefunction and find that the most probable size of a vacuum Universe upon creation is
about 104Lp. Additions of dust, radiation, dark energies and cosmic strings were considered.
The effect on the initial size of the Universe and the height of the Penrose diagram are
determined. Results show that inclusion of cosmic strings and certain dark energies to
dominate the early Universe help to solve the Horizon Problem.
Chapter 3
Spatially Flat Cosmologies
3.1 Why consider Flat and Compact Spacetimes?
Astronomical data indicates that our Universe is very flat. Observations of the cosmic
microwave background from WMAP[29] measures the degree of flatness of our Universe
through the density parameter Ω = ρ/ρc, the ratio of total energy density of our Universe
ρ to the energy density of an exactly flat universe, also known as the critical density ρc.
Ω > 1 will mean that the Universe is closed or spatially spherical while an open or spatially
hyperbolic Universe will have Ω < 1. Combined with complementary data from observations
of type IA supernovae, astrophysicists restrict the value of the density parameter to be
Ω = 1.02±0.02 [29], thus suggest that we live in a fairly flat Universe. Based on arguments
that Ω = 1 is an unstable fixed point, the degree of flatness would have been much more
precise in the past. Cosmologists question about this flatness and coined this as the “flatness
problem”. We now believe that our Universe had underwent a period of tremendous and
rapid expansion – Inflation, the blowing up space itself such that any initial curvature will
seem to be locally flat in the aftermath, hence account for the observed flatness. However
even with this nice physical theory in hand allowing our large scale spacetime to be of any
arbitrary curvature, this does not deter us from thinking that the space may be really flat.
The first flat geometry one may think of is probably the infinite cartesian plane or R3.
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We however prefer the space of our Universe to be compact for several reasons. In the earlier
chapter, we had developed how homogeneity of space can be achieved if one allows (enough
time for) particles to circumnavigate the Universe. For the sake of consistency in argument,
here we shall consider a flat Universe with a compact structure such that circumnavigation
of the Universe is possible. In particular we consider one with the topology of the cubic
torus T3, which is the simplest construction of a flat and compact space. The use of compact
space may even be preferred in view of string theory which lives in a ten-dimensional space.
While we know that the extra dimensions are compact, it seems natural to assume that
all spatial dimensions are compact too. In [38], it was speculated that all dimensions, the
“observed” and the “extra” did not differ much upon creation, but later evolution could
be such that while our 3 spatial dimensions underwent inflation, the extra dimensions were
stabilized and remain at Planck scale. Furthermore, it is often advantageous to think that
strings and branes live in toral space as such spaces makes these extended objects hard to
contract to a point.
In [23], Linde argued that the creation of an inflationary universe with a compact flat or
hyperbolic non-trivial topology may be a rule rather than an exception. Negatively curved
space however suffers from the Seiberg-Witten instability [8][31] of D branes, which should
be avoided in view of “cosmic holography” . Toral spaces on the other hand may or may not
suffer from the instability, and the answer really depends on the exact form of the metric
of the spatially flat spacetime.
Back to Linde, he argued that compact flat (and open) inflationary universes whose
length scale and curvature are independent, can evolve from “nothing” (a = 0) to a Planck-
size Universe without having to tunnel through a barrier and hence do not have to be
suppressed by the Linde wavefunction. This is most easily seen when we recover the spatial
dimensions in the metrics of global dS(S3) and the spatially toral de-Sitter space (STdS):
g(GdS)(Linf ) = −dτ2 + Linf cosh2( τ
Linf
)[dχ2 + sin2 χ(dθ2 + sin2 θdφ2)] (3.1)
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g(STdS)(K,L) = −dt2 +K2e2t/L[dθ21 + dθ22 + dθ23] (3.2)
In the former, the double appearance of Linf means that it is responsible for both the
size of the spatial scale and the spacetime curvature. The two are however decoupled in the
STdS spacetime. Here K determines the initial size of the toral Universe, independent of
the spacetime curvature L. One can therefore exploit this characteristic and assume a toral
Universe that starts off at Planck scale, thus can be created without the need of tunnelling.
Having the Universe begin at a very small scale also allows the space to be homogeneous,
and thus helps to solve the Horizon Problem. While this scenario of Linde is simple and
neat, it is reasonable to question the possibility of the creation of a small Universe larger
than Planck scale. In particular, can our Universe, if it is spatially flat, be created at string
scale Ls ≈ 100Lp? If so, can it solve the Horizon Problem?
We had seen from the previous chapter that the modifications of the Hartle-Hawking
wavefunction of the universe by Firouzjahi, Sarangi and Tye predicts a deSitter universe
(S3) to be most probably born at quite a large scale (104Lp). We will demonstrate the FST
wavefunction can again play a role to help determine the initial size of a flat and compact
Universe. Following in this chapter, we will first develop the structure of a spatially toral
deSitter Universe, use the works of FST, Seiberg and Witten to find the most probable
initial size of the spacetime and height of its Penrose diagram, and ultimately address the
Horizon Problem. We find that the analysis here is much more involved than the spherical
case. This is due to a singularity problem, which forces us to modify Einstein’s equation in
the pre-inflationary era.
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3.2 Constructing Spatially Toral DeSitter Space and its Pen-
rose Diagram
In the Introduction, we had seen some useful coordinate systems of deSitter space, for
example the global conformal coordinates and the cartesian or flat coordinates. The former
was used to draw the Penrose diagram for spherical deSitter space in Fig.(1.3), while the
latter was sometimes used in the literature for a simple description of inflation. In this
section, we shall construct a compact and flat deSitter space, by performing identifications
on the cartesian coordinates. We call this the spatially toral deSitter space (STdS). Also
in this section, the Penrose diagram of the STdS will be obtained and we will discuss
the interesting implications of this identified space on the geodesics incompleteness of flat
deSitter space.
As was previously mentioned, the cartesian coordinates only describe half the deSitter
space. ConsideringW−A in Eqs.(1.9) and (1.12), we deduced that the cartesian coordinates
only covers the region where η > χ. Hence the Penrose diagram of the cartesian deSitter
space (CdS) is obtained by discarding the lower triangle of the original diagram, including
the diagonal η = χ. The CdS is unfortunately geodesically incomplete. This can be seen
most easily from the Penrose diagram in Figure(3.1), where geodesics can enter through the
boundary η = χ into the spacetime from “nowhere”. Figure.(3.1a) below shows the Penrose
diagram of the cartesian or flat deSitter spacetime, where we also show the timelike geodesics
of the family of inertial observers in the CdS spacetime metric in Eq.(1.10). Despite the
geodesic incompleteness, the metric of CdS looks deceptively harmless because of the fact
that the family of geodesics used to describe the space just barely misses the discarded
portion.
We now perform the following procedures to the infinite Cartesian coordinates to form
the STdS space. First consider a spatial slice at t = 0. From the first two equations in
Eqs.(1.9) and (1.12),













Figure 3.1: Penrose Diagrams of Cartesian deSitter spacetime – only the top half of the
original square remains. (a) The family of timelike geodesics of inertial observers for the
CdS metric are all contained in the resultant diagram and shown. (b) The hypersurface
t = 0 is plotted here.
Putting t = 0 into the above, we have












This gives us the equation to plot the t = 0 hypersurface on the Penrose diagram as shown
in Fig.(3.1b).
The next step is to obtain the timelike geodesics perpendicular to t = 0 (the lines are
“visibly perpendicular” in the global deSitter Penrose diagram but unfortunately not in
the CdS diagram). These are also the paths of the inertial observers, “co-moving” with
the expanding space. Again employing Eqs.(1.9) and (1.12) but now using the last three
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equations instead, we have
L2 cosec2 η sin2 χ = (x2 + y2 + z2)e2t/L. (3.6)
Note that
√
x2 + y2 + z2 is the radius of the 2−sphere at t = 0 (we can also picture this
as the radius of the throat of the hyperboloid in Figure.(1.2)). We let the radius be piK,
where K is a free parameter (for the time being), and thus have
L cosec η sinχ = piKet/L
or L cosec η sinχ = piK(cosec η cosχ− cot η)
or cos η = cosχ− L
piK
sinχ (3.7)
The family of curves for the above equation are plotted in Figure.(3.1a). Up to now the
discussions are still general for flat deSitter space. The crucial step towards the STdS is to
choose a particular observer in this family, who lives on an expanding 2−sphere with radius
piK at t = 0, where K here is some fixed quantity. Enclose this 2−sphere with a cube of













−pi ≤ θ1,2,3 ≤ pi , (3.9)
we can write the metric of STdS as
ds2 = −dt2 +K2e2t/L(dθ21 + dθ22 + dθ23) . (3.10)
Finally the Penrose diagram of STdS is obtained by simply discarding the parts of the CdS
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Penrose diagram that is to the right of the chosen geodesic as shown in Fig.(3.2).
Figure 3.2: Penrose diagram of Spatially Toral deSitter spacetime. Following the timelike
geodesic of an inertia observer living the surface of a 2 sphere co-expanding with the space,
we enclose the sphere by a cube of side length twice the radius of the sphere. The opposite
faces of the cubes are identified to form the STdS space. The region of the Penrose diagram
to the right of the chosen geodesic is discarded, leaving the region bounded by the solid
lines.
One can now see that with the identifications on the spatial coordinates, geodesics trying
to enter or leave the spacetime will “bounce off” the distinguished geodesic or the boundary
of the Penrose diagram. This leads one to think that the STdS is now geodesically complete.
This however is not true! While the situation is now much better than what we had for
uncompactified flat deSitter space, we will find that there is still one point η = χ = 0 that
renders the geodesic incompleteness of STdS. This will be the subject for the next section.
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3.3 Geodesic Incompleteness Of Spatially Toral DeSitter Space-
time
We shall show that the STdS spacetime is null and timelike geodesically incomplete, and

































where λ is an arbitrary affine parameter while τ is the proper time of an observer following
a timelike geodesic.
To show the spacetime is null geodesically incomplete, we consider without loss of gen-
erality, θ2 = θ3 =constant. The null condition ds2 = 0 gives















































et/L + C ′ (3.16)
We can see that as t goes to −∞, for C 6= 0, λ goes to a finite value C ′. Holding the
implications of this for a while, we turn to the case of timelike geodesic first.






































y = 0 , y =
dθ1
dτ












= C˜e−2t/L . (3.19)
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+ C˜ ′ . (3.20)
As t → −∞, τ = C˜ ′ is finite for C˜ 6= 0. This together with the conclusion of Eq.(3.16),
means that the STdS is geodesically incomplete since it contains inextensible timelike and
null geodesics of finite length. This turns out to have a very interesting implication on
the (topological) twin paradox. Consider a pair of twins, Stoney who is stationary or “co-
moving” with the expansion of space and Speedy, moving relative to her twin partner,
along some timelike geodesics other than those described by Eq.(3.7). Assuming that the
twins had lived since the very beginning, by the time Stoney reaches some arbitrary event
say E on Figure3.3, she will be infinitely old. Each time the twins meet after Speedy had
circumnavigated the Universe, Speedy will find herself age less than her sister. When they
meet (yet again) at E, Speedy will be of finite age while Stoney have aged infinitely! What
happened really was that Speedy had circumnavigated the Universe an infinite number





























The above situation is illustrated in Figure3.3
We see that while the toral deSitter space is an improvement to the non-compact version,
there is still an incompleteness in the past. There is in fact a theorem by Anderson and
63
Figure 3.3: Paths of Stoney (dashed line) and Speedy (solid bold line) in the STdS universe.
Stationary Stoney is infinitely old at E while her moving twin Speedy circumnavigates the
Universe an infinitely many time before reaching E at a finite age – the ultimate twin
paradox?
Galloway[32] which states that such spacetime must be past null geodesically incomplete.
The theorem may be stated as follows[7].
THEOREM: Let Mn+1, n ≤ 7 be a globally hyperbolic (n+1)−dimensional spacetime with a
regular future spacelike conformal boundary Γ+. Suppose that Γ+ is compact and orientable
and that the first homology group of Γ+, H1(Γ+, Z) is not pure torsion. If the Null Ricci
Condition is satisfied, the Mn+1 is past null geodesically incomplete.
The STdS spacetime satisfies all the conditions – the spacelike conformal boundary of





Z, a free Abelian group of rank 3 generated by (1, 0, 0), (0, 1, 0), (0, 0, 1).
H1(T 3,Z) thus have elements of infinite order and is by definition, not pure torsion. The
Null Ricci Condition (NRC)
Rabk
akb ≥ 0 (3.22)
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is a geometrical condition which is equivalent to the Null Energy Condition (NEC)
Tabk
akb ≥ 0 (3.23)
if the Einstein equation holds exactly. Assuming that the Einstein equations do hold exactly,
it is clear that the vacuum spacetime of STdS satisfies the NEC and thus the NRC. Hence
by the theorem above, STdS space must be past null geodesically incomplete. Although we
had shown explicitly here the null incompleteness of STdS, (and extended to show that it is
also incomplete in the timelike case), we highlight that the remarkable theorem of Anderson
and Galloway is extremely general and its prediction very robust.
The incompleteness of the spacetime has a serious consequence – it will lead to an
initial singularity of the spacetime with the addition of any form of matter. In other
words, while the pure STdS spacetime itself is non-singular, a slightest perturbation to
it by adding matter will inevitably cause the deformed spacetime to have an undesired
curvature singularity at η = 0.
The next section is dedicated to show this curvature singularity in our context of a
deformed STdS spacetime.
3.4 The Initial Singularity and the Null Ricci Condition
We had seen that a spatially flat and compact deSitter spacetime satisfying the NRC will
be geodesically incomplete at η = 0. We will now show that this develops into an initial
singularity with the addition of matter.
First we generalise the metric to that of a general flat and compact FRW spacetime











The corresponding Ricci tensor components and Ricci scalar are
R00 = −3 a¨
a
,










We follow the conventional methods in inflation cosmology, using scalar fields to mimic the











ab − V + 2Λ
)
(3.26)
where φ is the scalar field and its potential[7]






whose form, parameterized by , takes on the remarkable task of representing different types
of matter fields added. For example,  = 3 gives us a spacetime made up of nonrelativistic
matter (dust) while  = 4 represents a universe with radiation.
























































































= 0 , (3.28)
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Taking the 00 components, we use (3.25), φ = φ(t) such that ∂cφ∂cφ = −φ˙2, R00 = −3a¨/a






























= 4piL2p(ρ− p) , (3.31)




































φ˙2 − V and pΛ = −ρΛ (3.34)
which will be used later.
The Euler-Lagrange equation ∂a(∂L/∂(∂aφ)) = ∂L/∂φ, where L is the integrand in
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√−gφ¨− ∂0φ∂0(K3a3) = −
√−g∂V
∂φ






















































































The equation of state for the scalar field wφ = pφ/ρφ = /3− 1. These expressions coincide
with the usual forms of matter fields in cosmology. Hence we see here explicitly that indeed
the scalar field and its potential serves an arbitrary matter field parameterized by .
The spacetime metric is now










For large t, a → et/L/22/. Hence this metric is “asymptotically STdS” (up to a constant
factor). For all values of , the energy density and pressure of the scalar field diverges at













The Ricci scalar blows up at t = 0 for all values of , indicating an initial singularity (with
the exception of  = 4, but examination on higher order scalar invariants such as RabRab,
which blows up at t = 0, reveals the singularity).
We had seen that the STdS spacetime, unlike the version of deSitter with spherical
spatial sections, is geodesically incomplete. Now we see that if we deform the spacetime
by adding (normal) matter with a scalar field expressed by Eq.(3.26), the metric solves
to give Eq.(3.41), resulting in an initial singularity for all . Hence we deduce that while
pure STdS spacetime is non-singular, slight perturbations to the spacetime will cause the
geodesic incompleteness to develop into a true curvature singularity.
It is obvious that we will want to avoid this singularity. In light of the theorem by
Anderson and Galloway introduced earlier, in order for a compact flat, asymptotically
deSitter spacetime to be geodesically complete, we have to drop the NRC. Believing that
geodesic incompleteness and the singularity at t = 0 are intimately related, we deduce that
violating the NRC will help us to escape the initial singularity. Recall that the NRC is a
condition that is equivalent to the Null Energy Condition (NEC) if the Einstein equation
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holds exactly. The violation of the NEC is widely discussed in the literature of phantom
cosmologies [8][12][30][39], where the spacetime contains energy components that have an
equation of state w < −1. While addition of such energy components or phantom fields
into a spacetime containing normal matter is able to meet current observational constraints,
they are extremely unphysical for several reasons as we show below.
The energy density of the phantom field increases with time, contrary to normal matter
field. This means that phantom energy with an equation of state less than −1 will one
day dominate over the other energy components and the spacetime. Being gravitationally
repulsive, it pulls the Universe apart at an ever-increasing rate, tearing the space apart in
the era known as the BIG RIP. After the phantom energy component begins to dominate,
the scale factor can be written as [12]
a(t) = a(tm)
[
−w + (1 + w) t
tm
]2/3(1+w)
, t > tm (3.43)
where the era before t = tm is when ordinary matters are still in dominating control of the
expansion of the Universe. Assuming a constant equation of state for simplicity,
ρ(t) ∝ a−3(1+w) ∝
[




We can see that as t → wtm/(1 + w), the scale factor and the energy density diverges,
indicating a late-time singularity. Thus while the phantom may work well for current
observations, it presents a very bleak future! There is also a question of violating causality
when one considers the propagation of energy in a phantom field. Describing the phantom
as a perfect fluid, the energy momentum tensor is written as
T ab = (ρ+ p)UaU b + pgab . (3.45)
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For every timelike ta, the local energy flow vector is
ξa = T abtb
= (ρ+ p)UaUbtb + ptb
=
[




(ρ+ p)U0U0t0 + pt0 , pt1 , 0 , 0
]
, (3.46)
where we have worked in the rest frame of the observers and have set t2 = t3 = 0 without loss
of generality. It is not difficult to see that this vector is spacelike if and only if |p|/|ρ| > 1.




< −1⇔ −|p||ρ| < −1⇔
|p|
|ρ| > 1⇔ ξ
a is spacelike. (3.47)
This means that if one can make use of phantom energy to transmit information, the
propagation will be faster than light and causality will be violated.
Despite its dangerous nature, considerable efforts were made to study the possibility of
violating the NEC without leading to instabilities (see for example [40]). Here we sought
to violate the NRC without compromising the NEC. In other words we will distort the
spacetime geometry such that the NRC is violated but not by using NEC-violating mat-
ter fields. This is possible if we allow the Einstein field equation to be modified in the
preinflationary era. We argue that since the work here refers to the very early Universe,
there is little reasons to hold on to the exact form of the Einstein equation so dearly. The
required modification can be achieved by formally including a “fluid” with negative energy
density. The “fluid” is not to be regarded as some exotic matter field, but rather a result
of unusual geometry (one that violates the Einstein equation). Examples of similar flavour
can be found in certain Braneworld models [33], in modified Gauss-Bonnet gravity [41] and
in a “classically constrained” gravity theory [42].
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3.5 Quantifying the NRC
In this section, we will modify the famous Einstein equation
Gab = 8piL2pTab , (3.48)
where the Einstein tensor Gab = Rab − 12Rgab + Λgab. The cosmological constant Λ had
notoriously found itself in and out of the celebrated equation; much of the controversy
were caused by Einstein himself, who later regretted the whole issue, claiming that it is
the “greatest blunder” of his life. However with the development of inflationary cosmology
and the discovery of late-time acceleration, it is now fashionable to include the cosmological
constant into the equation. The left hand side of the equation contains information of
the geometrical structure of spacetime, while the right hand side describes the matter and
energy contents. Now it is a popular approach to bring the cosmological constant term from
the geometrical side of the equation to the energy side, and interpret it as some “vacuum
energy”. (More formally, it can be included in the Einstein-Hilbert action as a non-varying
scalar field called the inflaton.)
We will now use this approach to help quantify the NRC. We understand that the NRC
is a geometrical condition and hence it’s effects should add terms on the LHS to modify the
geometrical expression. We perform the trick of bringing the term over to the RHS, similar
to what was done to the cosmological constant, and label it as an “Energy-Momentum
tensor” TNRCab . One may thus write











With this comes along an NRC-violating “energy density” ρNRC and “pressure” pNRC. We
want to violate the NRC without giving up the NEC; to do so requires the Einstein equation
to be modified. Hence TNRCab (or equivalently ρ
NRC) quantifies the amount of deviation from
the Einstein equation in the pre-inflationary era. Since the spacetime must evolve to an
inflationary universe that obeys the Einstein equation, we infer that the magnitude of ρNRC
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decreases over time. “Creation from nothing” into a flat FRW Universe requires the total
energy density of the Universe at birth to be zero. Since ρMATTER+ ρΛ is positive definite,
this means that NRC-violating component has negative energy density. As the Universe
evolves towards the inflationary scale, the magnitude of ρNRC decreases and the total energy
density ρ increases. The early Universe then becomes increasingly dominated by the vacuum
energy, which finally gives rise to inflation.
We can now write the NRC as
ρ+ p > 0 (3.50)
similar to the more well-known NEC. With this, we can see explicitly how the NRC is






the Hubble parameterH = a˙/a is clearly proportional to the total energy density ρ. The pre-
inflationary Universe with increasing total energy density therefore has increasing Hubble









= −4piL2p(ρ+ p) (3.52)
H˙ > 0⇔ (ρ+ p) < 0, hence the violation of the NRC.
The violation of the NRC is essential for a distorted toral deSitter space to be non-
singular. With the qualitative picture above, we shall now find a class of solutions for
spacetime that violate the NRC and fit into the creation from nothing scenario. To do so,
we introduce some assumptions to simplify the working. Firstly, we assume a spacetime
without “normal” matter. This relies on the basis that if the initial singularity is avoided,
then addition of matter will be welcomed as it will only help to heighten the Penrose
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diagram and decrease the initial size of the Universe. Secondly, we consider the simplest
model of inflation, with the cosmological constant of energy density 3/8piL2pL
2 and pressure
−3/8piL2pL2 serving as the inflaton. We adopt the “creation from nothing” scenario, where
the extrinsic curvature vanishes at the Euclidean-Lorentzian boundary and also assume a
constant “equation of state” wNRC = pNRC/ρNRC for the NRC-violating component.
The extrinsic curvature of a spacelike hypersurface Σ is given by
Kab = h ca ∇cnb (3.53)
where h is the metric of the spacelike hypersurface Σ in the usual (3 + 1)−decomposition
and nb is a normal timelike vector to Σ. Here we choose na = (1, 0, 0, 0), and with the
metric, we calculate
K11 = K22 = K33 = K2aa˙ (3.54)
Demanding the extrinsic curvature to vanish at the Euclidean–Lorentzian transition means
that a˙(t = 0) = 0, which by the Friedmann equation Eq.(3.51), implies that the initial total
energy density ρ(t = 0) = 0. As ρ = ρNRC + ρΛ, we have
ρNRC(t = 0) = − 3
8piL2pL2
(3.55)
The assumption of a constant equation of state wNRC allows us to write
ρNRC ∝ a−3(1+wNRC) . (3.56)
In the construction of the toral deSitter space, we had let the initial side length of the cube
to be 2piK. The corresponding value of the initial scale factor is unity. Hence the value
in Eq.(3.55) also serves as the proportionality constant in Eq.(3.56). Defining the useful
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parameter γ = 3(1 + wNRC), we can write
ρNRC = − 3
8piL2pL2aγ
. (3.57)
The NRC stated in Eq.(3.50) translates to wNRC > −1. In other words, we require γ > 0





















The family of spacetimes of interest to us thus has the metric









3), γ > 0 . (3.60)
We check that this violates the NRC by evaluating Rabkakb with a convenient choice of the
null vector k = (1, 1/Ka, 0, 0):
Rabk








hence confirming the violation of the NRC.
3.6 Wavefunction of the Toral Universe
In the previous section, we have discussed the necessary violation of the Null Ricci Condition
for a spatially flat Universe. With some assumptions and simplifications, we derived a
family of spacetimes described by the metric in Eq.(3.60). The metric is characterized by
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two constants, the initial length scale of the Universe K and the parameter that quantifies
the violation of the NRC γ = 3(1 + wNRC). Recall that we will like our Universe to be
created small and have a tall Penrose diagram in the pre-inflationary era so as to answer to
the Horizon Problem. The small initial size will of course depend on the value of K, while









By a tall Penrose diagram, we mean that Ω(γ,K) is at least 3pi, as shown in Fig.1.7.
Hence we hope that at least for the simple model of spacetime described by the metric
in Eq.(3.60), we can “derive” values of K and γ that suit our purpose. Having used the
FST wavefunction to calculate the most probable size of the spherical universe, we shall
again employ the use of the wavefunctions of the universe to help find the most probable
value of K and γ.
The Hartle-Hawking wavefunction
In the earlier chapters, we have reviewed the “old” wavefunctions of the Universe, namely
the Hartle-Hawking, Linde and Vilenkin wavefunctions, and had seen their pros and cons.
We also encountered the FST wavefunction and discussed how it helps to improve the HH
wavefunction by making it normalisable. We furthered the study by applying the FST
wavefunction to find the most probable initial size of the spatially spherical deSitter Uni-
verse. In this section, we will ultimately utilise the FST wavefunction in the creation of
a toral universe, to determine the most probable spacetime from the family of metrics in
Eq.(3.60). We expect the calculations to be very involved due to the necessary inclusion
of NRC-violating components and the addition of the decoherence term by FST. We now
move a step towards our goal by first examining the simple HH wavefuncton for an NRC-
violating toral universe. This is itself a non-trivial calculation, which not only serves as a
warm-up exercise, but also helps to display an important effect of the NRC-violating term
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in the action on the probability amplitude.











This gives expressions for the Ricci scalar








and the volume element
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gR d4x+ SNRCE . (3.66)
To derive an expression for SNRCE , we first write the NRC-violating contribution as a scalar
field ϕNRC with a potential V NRC given by




















We propose that the energy density and pressure for this field be expressed in terms of it














+ V NRC(ϕNRC, γ) . (3.69)
We will first find the expression for ϕNRC similar to the scaler field φ given by Eq.(3.36)











NRC∂tϕNRC − V NRC
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. (3.70)
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We show explicitly that the solutions recover the expression for the energy density of the
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NRC-violating field in Eq.(3.57):
ρNRC = −1
2

















But a2(t) = cosh4/γ(γt/2L) ⇔ sech2(γt/2L) = a−γ(t)
⇒ ρNRC = 1
16piL2pL2
a−γ(−γ − (6− γ)) = − 3
8piL2pL2
a−γ (3.75)




a−γ(−γ + 6− γ) = 3− γ
8piL2pL2
a−γ (3.76)


























































































































) sec2 x− 2
]
(3.82)
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β x , β > 1
0 , β = 1
undefined , β < 1
(3.84)
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Figure 3.4: Plot of probability as calculated from the Hartle–Hawking wavefunction against
the parameter γ. Note the discontinuous point at γ = 6 and the divergence of the probability









dx 2 cosβ x (3.85)







6/γ x , β > 1
−2pi2K3
L2pL
, β = 1
undefined , β < 1
(3.86)
Figure(3.4) below gives the plot of PHH vs γ (up to constant factors).
81
The discontinuity of the probability at γ = 6 is due to the peculiar behaviour of the func-
tion of γ that describes the Euclidean action. Harmless looking it may seem in Eq.(3.82),
the probability function truncates and a discontinuous point surfaced in Eq.(3.86) after a
series of integration by parts shown explicitly above. This is quite an unexpected result!
This is however not unwelcome. In fact we will see later that this discontinuity is particu-
larly useful in fixing the value of γ. As a note before we move on to the FST wavefunction,
we note from Figure (3.4) the probability in the HH case is not normalisable with respect
to γ, displaying yet another undesirable feature that calls for its modification or a total
alternative.
The FST wavefunction
Firouzjahi, Sarangi and Tye [26] suggested that the HH wavefunction should be modified
based on observations that it prefers the creation of a large universe and that it is non-
normalisable. This motivates them to formulate a modified wavefunction using quantum
decoherence, which results in a decoherence term to be added to the original exponent in
the HH wavefunction. They argued that to the first order of modification, the wavefunction
should look as in Eq.(2.60). Generalizing to 10−dimensions, the wavefunction becomes
ΨFST ∝ exp(−SE − c V10
L10s
), (3.87)
where Ls is the string length scale, V10 is the ten-dimensional volume corresponding to
the Euclidean instanton describing the tunnelling process and c is a constant which can be
calculated using quantum decoherence given the precise details of the vacuum. Although
their work is based on a universe with spherical spatial sections, it is relevant in the toral
case too.
It is reasonable in string theory to assume that all the dimensions began with ap-
proximately the same length scale; while our three spatial dimensions inflate, the internal
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dimensions are stabilized by the “KKLT mechanism” [38]. We thus have
V6 ' (2piK)6. (3.88)
With V4 given by the integration of the volume term
√
g over the Euclidean spacetime we
have





Using Eq.(3.86) for the expression of the Euclidean action, we find the probability of tun-

























, γ = 6
undefined , γ > 6
(3.90)
The general shape of the graph of PFST against γ is the same as that of PHH. As such
the problem of a non-normalisable wavefunction with respect to γ still exists here. The
FST wavefunction does provides an improvement though. As we can see from Eq.(3.90), a
large value of K, the initial length scale, is no longer preferred due to the decoherence term.
Unlike the spherical case, the FST wavefunction does not do everything that we had
hoped for in the toral Universe – it fails to provide a strong constraint for the parameters
γ and K. Although it does provide an upper bound for γ and most probable values for K
(the most probable K is different for γ < 6 and γ = 6), this is not yet fully satisfactory.
The divergence of the probability at γ → 0 remains an undesirable feature. If we can find
a lower bound for γ, not only the problem of the diverging probability will be solved, we
can foresee that the discontinuous point at γ = 6 may be utilised in fixing the spacetime.
It was found that this can be done by studying instability of branes in non-perturbative
string physics.
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3.7 A Lower Bound for γ
In the previous section, we have shown that the existence of the wavefunction (HH or FST)
for the universe places a constraint on the value of γ by providing an upper bound. It can
be said that this is a consequence of maintaining self consistency, in this case, requiring
the wavefunction to be well-defined. Since the Euclidean action is undefined for γ > 6 we
claim that 6 is the upper bound for γ. Unfortunately, from the analysis of the probability of
creation of an NRC-violating toral universe from nothing, this is not enough. It is therefore
hoped that we can obtain a lower bound for γ through another self consistent argument.
Making use of Seiberg and Witten’s investigation on the instability of D1 branes in an
asymptotically (D+1)-dimensional hyperbolic space HD+1 in [31], we are able to find such
a lower bound.








where T is the tension of the brane, A the area, V the volume enclosed and L is the length
scale of the asymptotic hyperbolic scale. If the action is unbounded from below, then
instability due to nucleation of “large branes” is inevitable. Seiberg and Witten showed
that the boundedness of the action depends on the sign of the Ricci scalar of the boundary.
Specifically the brane will be stable for R(D) > 0, unstable for R(D) < 0, and as for R(D) = 0,
the question of stability depends on the exact form of the metric. This matches what we are
seeking for – a self consistent argument related to γ. In our NRC-violating toral universe,
D = 3 and R(3) = 0. The Seiberg-Witten instability will then depend on the form of the
metric and hence on γ. Furthermore the existence of γ is due to the necessary violation
of the NRC, which like the brane action in Eq.(3.91) is purely geometrical. The workings
below show how one can obtain a lower bound for γ by insisting the boundedness of SB at
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We are interested in the behaviour of SB at infinity. Hence we take its time derivative and
limit:
lim






where H ≡ a˙/a is the Hubble parameter whose reciprocal also represents the length scale
of the space. Since the asymptotic length scale is L, the numerator goes to zero under
the limit. The denominator also tends to zero as a(t → ∞) → ∞. We can employ the
L’Hopitals’ rule to obtain
lim














3−γ ≤ 0 (3.94)
where we had made use of Eqs.(3.52) and (3.57) and the definition of γ given previously.
If limt→∞ S˙B < 0, then SB is unbounded from below asymptotically and the Seiberg-
Witten instability sets in. To avoid this, we need limt→∞ S˙B = 0. This implies
lim
t→∞ a
3−γ = 0⇔ γ > 3 (3.95)
Hence we obtain the much waited lower bound for γ. We are now in position to make use
of the FST probability to fix the spacetime.
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3.8 Fixing the Spacetime of a Toral Universe
We are now finally able to find the most probable form of metric for our toral spacetime
using the FST wavefunction. We will then use this metric to serve our aim – show that the
initial size of the universe is of string scale and the height of the Penrose diagram for the
spacetime to be at least 3pi.






















PFST , γ = 6
undefined , γ > 6
(3.96)













, γ = 6
undefined , γ > 6
(3.97)
To have a quantitative comparison, we need to set the respective length scales. We have the
Planck length Lp = 10−35m, the string scale to be approximately two orders of magnitude
larger, i.e. Ls = 100Lp and the inflationary scale to be yet another two orders larger
L = 104Lp. We use the numerical value of c = 10−3 calculated by FST. Although this value
is somewhat model dependent, we find that the variation in c by an order of magnitude
above and below does not affect the qualitative results. A plot of the PFST against γ is
given in the figure below. We at once note that the discontinuity of the function can be
put into our advantage for fixing the value of γ. The graph clearly shows that γ = 6 is the





Figure 3.5: Plot of probability as calculated from the FST wavefunction against the param-
eter γ.
With such overwhelming dominance over other permitted values for γ, we are safe to con-
clude that the toral spacetime is most likely to have a metric of





(dθ1 + dθ2 + dθ3) (3.99)
with
K∗6 ≈ 0.0033L (3.100)
The initial size of the universe is 2piK∗6 ≈ 200Lp which is about the string scale. The height
of the Penrose diagram which is calculated from Eq.(3.62) yields
Ω ≈ 120pi (3.101)
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This completes what we set out to find – a spacetime with a small initial size to ensure
an initial homogeniety and a Penrose diagram tall enough to allow time for signals to
circumnavigate the Universe, such that the Horizon problem may be solved completely.
Chapter 4
Conclusion
The shape of our Universe remains an open question in the field of cosmology. Classical
General Relativity, based on Riemannian geometry, does not place any theoretical restric-
tions on the spatial curvature of our Universe; while the Inflationary Theory can provide
an explanation to the flatness problem, it also tells us that we cannot fix the true geometry
of our space through phenomenological studies.
Positively curved space, particularly the isotropic case or commonly known as spherically
symmetric space, dominates the literature of classical and semi-classical cosmologies because
it provides a natural representation for a closed and compact spacetime. However, this does
not mean that compact spaces cannot be geometrically flat or negatively curved. These
two types of spaces can be closed as long as we consider non-trivial topologies, those with
identifications that make the space compact. For the purpose of this thesis, we believe
that hyperbolic or negatively curved spaces are best avoided due to the instabilities in the
nucleation of D-brane-antibrane pairs discovered by Seiberg and Witten. Positvely curved
spaces do not suffer from stringy instabilities while the outcome for flat spaces is dependent
on the exact geometry of the spacetime. The objective of my thesis therefore focuses to
discuss, compare and contrast cosmological models that are spatially spherical to models
that assume a flat and compact space.
The limitations of Inflation, based on a simple deSitter model, are examined and hence
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found that the inclusion of a pre-inflationary era is necessary to fully account for the horizon
problem. This new era will allow sufficient time for signals to circumnavigate the Universe
in order to maintain the initial homogeneity while the space expands to the inflationary
scale and finally inflates. For signals to complete the circumnavigation of the Universe
before inflation occurs, the Penrose diagram that represents the period from creation to the
end of Inflation of our Universe has to be at least three times as much as its width.
The study of the pre-inflationary era transports us closer to the birth of the Universe.
In order to gain a better knowledge to the start of it all, we adopted Vilenkin’s idea of
creation from nothing, which is to model the creation of our Universe through a process
of tunnelling, from a state of no classical spacetime to a spacetime that is asymptotically
deSitter. Quantitatively, a wavefunction for the Universe is defined and suitable initial
conditions are assumed to calculate the tunnelling probability. This method provides us a
way to calculate the initial size of the Universe. It is however unfortunate that different
wavefunctions and initial conditions assumed give drastically different results for the size of
the Universe, which had driven a vigorous debate on the correct form of the distinguished
wavefunction.
While it is more natural to begin with a small and homogeneous spacetime, we are
cautious to avoid the complications and ambiguities of a Planck-size Universe. Here it
is suggested that our Universe was born with a moderate size, that of the string scale
Ls ≈ 102Lp. We have thus set the preferred benchmark for the height of the Penrose
diagram and the initial size of the Universe. These conditions are then used as a basis of
comparison between different models that differ by a choice of the wavefunction and/or the
choice of geometry of space and even by the kind of matter they contain.
The bulk of the work here was motivated by the results of the works of Firouzjahi,
Sarangi and Tye, specifically on a modified version of the Hartle-Hawking wavefunction.
The original HH wavefunction selects the largest possible Universe to be created and was
thus criticized for being unphysical. Its main rivals, the Linde and Vilenkin wavefunctions
prefer a Universe that is born as small as possible, likely to be of Planck scale, which we
try to avoid. We find that the FST wavefunction does seems to fit appropriately into our
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picture as it finds a finite size Universe (one that is neither infinitely large nor infinitesimally
small) to be the most probable spacetime that tunnels into creation. When applied to the
pure vacuum spherical deSitter space, the value for the initial size of the FST-Universe is
104Lp. This is still two orders of magnitude larger than what we prefer, but nevertheless is
a promising result that motivates further investigations.
With the preliminary results, we first examine the effects of adding matter into the
original deSitter spacetime. We find that while doing so helps to decrease the initial size
of the Universe and heighten the Penrose diagram, the effectiveness depends on the kind
of matter added. Here a classical singularity theorem helps to differentiate the results of
including matters that satisfy or violate the Strong Energy Condition (SEC). SEC satisfying
matters such as dust and radiation fail to decrease the initial size of the Universe to the
string scale and can only increase the height of the Penrose diagram to the desired dimension
at the expense of extreme fine-tuning. It is however pleasing to find that matters such as
dark energy and cosmic string can easily be tuned to satisfy the requirements of our model
and thus serve as potential candidates for the earliest forms of matter that dominate the
Universe.
The case of an exactly flat Universe turns out to be much more involved. It was found
that a spatially toral deSitter spacetime cannot be naively used to describe our early Uni-
verse, because it is past geodesically incomplete. The origin of the geodesic incompleteness
can be traced to a theorem by Andersson and Galloway, which is really a singularity the-
orem applicable for string gas cosmologies. We have shown explicitly here that a past
singularity is inevitable if we (only) add normal Null Energy Condition (NEC) satisfying
matters into the spacetime. The only way to escape from the Andersson-Galloway singu-
larity is to have our toral spacetime violate the Null Ricci Condition (NRC). The NRC
is a geometrical condition which is equivalent to the NEC according to the Einstein field
equation. On one hand we need the violation of the NRC to continue, yet on the other
hand we do not wish to include matters that violate the NEC as such matters often lead
to a late-time singularity. This tricky situation is resolved here by modifying the Einstein
equation in the preinflationary era. Such an approach has been found in the literature of
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certain braneworld models, modified Gauss-Bonnet gravity and a classically constrained
gravity theory. Here we did not explore deeply into the cause of the NRC-violation. Rather
we assume that an NRC-violating term can possibly arise due to the mechanism of one of
the models mentioned above, and express it as a scalar field to work out its implications
on our Universe. With the help of the FST wavefunction and a study of brane instability
in a (3 + 1)-dimensional Universe, the most probable spacetime of a toral universe is found
to have the metric given by Eq.(3.100). This turns out to be a good model to describe our
early Universe. Although the Einstein equation is compromised initially with the addition
of the NRC-violating field, the effects of the field drops rapidly as time evolves. The space-
time also quickly becomes deSitter like. Most importantly, the metric represents a Universe
that is born at the string scale, with the height of the Penrose diagram 120 times it width,
hence satisfies our requirements for the Universe to evolve to its smooth and homogeneous
state today.

























































































































































































































































































































































































































































































































































































































































































































































































































Path integral of harmonic oscillator
with time dependent mass and
frequency
Consider the path integral
∫










We recognize the action to be that of an harmonic oscillator with time dependent mass
a(τ)3 and frequency (n2 − 1)/a2. The first trick here is to do a change of variable, defining
a new time variable u by
du = a(τ)−3dτ (A.2)























The problem now simplifies to an oscillator with a fixed mass m = 1 and variable frequency
Ω2n(u) = (n
2 − 1)a(u)4 (A.4)
Doing the standard treatment (the “reverse product rule”) on the Euclidean action in term
























Expanding about the classical path, we let
tn = tcln + tˆn, (A.6)
where the boundary conditions of tˆn are
tˆn(ui) = 0 = tˆn(uf ). (A.7)
The classical equation of motion is
d2tcln
du2
− Ω2n(u)tcln = 0. (A.8)
The first term in Eq.(A.5) is the classical action SE(cl)n . Substituting Eq.(A.6) into Eq.(A.1)
and using Eqs.(A.7) and (A.8), the path integral becomes
∫





















We now perform a very nice trick, a change of variables, to convert P [tˆn] to free particle
path integral! Let g(u) be a solution of the equation of motion Eq.(A.8), with
g(ui) 6= 0 (A.11)







= g(u)F (u) , (A.12)
imposing y(ui) = 0.








⇒ y′(u) = = tˆ′n(u)− tˆn(u)
g′(u)
g(u)






















= F (u)g′(u)y′(u) + F (u)g(u)y′′(u) (A.14)
Substituting this into P [tˆn], and performing an integration by parts, we see that













is really the path integral of a free particle! The boundary conditions are however non-
trivial. From Eq.(A.7), we have





ds = 0. (A.16)
The second boundary condition is so-called a non-local one since it is defined along the


















































































, γ(ui) = 0 (A.20)


























The value is simply unity because the path integral represents the probability amplitude
for finding the particle anywhere at time uf . Hence what remains is to find the Jacobian
det[δtˆn/δy]. To do so, we first discretize time and approximate Eq.(A.13) to










where U/N is the small time-step, infinitesimal when the limit N → ∞ is taken. We
understand that the above approximation (the familiar trapezium rule) is the delicate point,
since the discrete approximation for Eq.(A.13) is not unique and the Jacobian determinant
is very sensitive to the choice of approximation.
It is not difficult to see that the Jacobi matrix ∂yi/∂tˆj is now a lower diagonal matrix


























, m ∈ Z+ (A.24)
The determinant of the Jacobi matrix is hence the product of the diagonal elements. Taking
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Gathering Eqs.(A.21),(A.22) and (A.25), we have



















Let g˜(u) be defined in a similar way to g(u), that is, a solution to the classical equation of




















Further let f(u) be a unique solution to the classical equation of motion, satisfying the
following boundary conditions:
f(ui) = 0 and
d
du
f(ui) = 1 (A.28)
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and g1(u) be a unique g(u) that satisfies
g1(ui) = 1 and
d
du
g1(ui) = 0. (A.29)
Similarly define for f˜ and g˜1. We now write g and g˜ as
g(u) = f(u) + g1(u) and (A.30)
g˜(u) = f˜(u) + g˜1(u) (A.31)










Since on each side the integral diverges similarly due to f(ui) = f˜(ui) = 0. Putting
Ω˜(u) = 0, the equation of motion solves trivially with the boundary conditions for f˜ to give











) = [f(uf ) + g1(uf )]
[f(uf ) + g˜1(uf )]
=
f(uf )
uf − ui (A.33)
This leads to






















where in the last step we have used the well-known prefactor of the free particle propagator.
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